ABSTRACT. In this paper, we construct an irreducible vertex module for twisted affine Lie algebra of type A (2) 2l .
Introduction
Since the first vertex construction was discovered by Lepowsky and Wilson (1978) , the vertex representations for any (untwisted) affine Lie algebra have been constructed on certain Fock space by many authors. Particularly, the vertex representations for non-simply-laced cases in [XH] are given through the twisted Heisenberg algebras. In fact, those modules are irreducible for certain twisted affine Lie algebras. Consequently, the irreducible vertex modules have been given for A (2) 2l−1 , D (2) l , E (2) 6 , D (3) 4 . However, the vertex representations for A (2) 2l are not known yet.
In this paper, we will give an explicit construction for A (2) 2l through its Heisenberg subalgebra. Moreover, such vertex modules are also irreducible.
Twisted affine Lie algebra of type A (2) 2l
is an affine Lie algebra of type A Here m, n ∈ 1 2 Z and ( , ) is a non-degenerate invariant bilinear form on G. Let H 0 be a Cartan subalgebra of G 0 and α 1 , · · · , α l ∈ H * 0 be such that (α i , α i ) = is an prime root system of G 0 . Let Q = Span Z {α 1 , · · · , α l }. Note that there is a linear isomorphism
.
Lemma 1.1. Suppose that∆ is the root system of G 0 and∆ S the subset of all short roots. Then G σ has a root system
For convenience, define
Denoted by Q M the lattice generated by α i (0 < i < l).
Vertex module
2 ) be their isomorphic copies for n ∈ Z, respectively. Then
is a Lie algebra with brackt
where α ′ , α ′′ ∈ H M , a ′ , a ′′ ∈ H, and it has a Heisenberg subalgebra
and an abelian subalgebra
Let C[Q] be the space linearly generated by e α+λ (α ∈ Q) and S( H − ) be the symmetric algebra generated by H − . Where
and a n − 
2-cocycle
Define bilinear map ǫ : Q −→ {±1} by
Proof. For the definition of this map, one can see [1] , [4] . In fact it is a (sign of structure constants) 2-cocycle of B l type.
Define a map
for some 1 ≤ i ≤ l, and p 0 (α) = α.
Vertex construction
Let z be a complex variable. For α, r ∈ Q, define define C-linear operators as
and
Let V (Q) be the formal completion of V (Q). We give vertex operators on V (Q):
2. For α ∈ Q, define
where : : means the normal ordered product:
for suitable m, n ∈ 
Lemma 4.1.
then (25) holds. From (25), we have
which equals 1 2 z∂ ∂z X(α, z). ⋆ , NAIHONG HU * , AND XIAOTANG BAI Lemma 4.2. For any α ∈ ∆ L ∪∆ M ∪∆ S , the Laurent series of X(α, z) are denoted by
Particularly, if α ∈ ∆ L , we have
Then by Equation(25) and the definition of E, F operators, we know that the lemma holds.
Theorem 4.3. The Lie algebra linearly generated by operators
on V (Q) is isomorphic to the twisted affine Lie algebra of type A
2l . The isomorphism π is given by
Additionally, the image of imaginary root vectors with non-integer degree can be obtained from the above definition, together with Lie bracket.
Proof of Theorem 4.3
Lemma 5.1.
By analogy of the argument in Section 3.4 of [FLM], we easily obtain by a direct calculation Lemma 5.2. Suppose that z and w are two complex variables. Then
For complex variables z, w, in this paper, C 1 means the field such that |z| > |w| and C 2 means the field such that |z| < |w|.
so it is true.
Proof.
[X m 2 (α), X(−α, w)]
that is, the lemma holds.
hence, the lemma holds. ⋆ , NAIHONG HU * , AND XIAOTANG BAI Lemma 5.6. If a, b ∈ ∆ S and a + b ∈ ∆ M , then
hence, this lemma holds.
so this lemma is true. Note that the coefficient of bracket is not zero if and only m + n ∈ 2Z + 1, this coincides with that
Proof. In this case,
hence, the lemma is true.
, hence, this lemma holds.
Proof. In this case, there must be 
and m is odd, so if n is even, we have
otherwise, it is zero. Additionally, ǫ(a, b) = 1 since a ∈ 2Q. Thus we have obtained the result.
so this lemma holds since ǫ(−2b, b) = 1.
By all these lemmas and Lemma 4.1, we know that Theorem 4.3 is true.
6. The structure of V (Q)
Choose α 0 ∈ H σ * such that {α 0 , α 1 , · · · , α l } is the simple root system of twisted affine Lie algebra G σ and
Lemma 6.1. V (Q) is a completely reducible module and associated with Cartan subalgebra H σ , it has weight space decompostion
The proof is very similar to those in [1] , [2] and [4] .
Lemma 6.2. If x is a highest weight vector, then it must have the form 1 ⊗ e λ+α .
Proof. It is clear since x must be commutative with α i (n) and p(α i )(n + 1 2 ) for any n ∈ Z and i = 1, · · · , l.
Lemma 6.3. 1 ⊗ e λ is a highest weight vector.
Proof. Obviously, for any 0 < i < l, we have Then α = 0. Thus we have proved that 1 ⊗ e λ is the unique highest weight vector (up to a scalar). That's, V (Q) is irreducible.
